We introduce an iterative algorithm for finding a common minimum norm fixed point of a finite family of asymptotically nonextensive nonself mappings. A strong convergence theorem of common element is established in a uniformly smooth and uniformly convex Banach space.
Introduction
Let H be a real Hilbert space, and C be a nonempty closed convex subset of H. A mapping S : C → C be a nonexpansive mapping. F (S) denotes the fixed point set of S. Iterative methods for finding fixed points of nonexpansive mappings are an important topic in the theory and have wide applications in a number of applied areas, such as, image reconstruction in computerized tomography, optics and neural networks, collective sensing etc. In general, the nonexpansive mapping may have more than one fixed point. Without loss of generality, we may assume that F (S) = ∅. The minimum-norm fixed point of nonexpansive mappings is to find a fixed point of S which satisfies:
x ∈ F (S) : x = min{ x : x ∈ F (S)}.
That is,x is the minimum-norm fixed point of S. In other words,x is the metric projection of the origin into F (S), i.e.,x = P F (S) 0. It is an interesting thing to construct iterative sequence to find the minimum-norm fixed point of a nonexpansive mapping. Browder [1] introduced an implicit scheme as follows. Let u ∈ C and t ∈ (0, 1), x t be the unique fixed point in C of the contraction S t from C into C:
Browder proved that the strong limit of {x t } as t → 0 + is the fixed point of S which is nearest from F (S) to u. Halpern [2] introduced an explicit scheme. Let u ∈ C, define a sequence {x n } by the following:
x n+1 = α n u + (1 − α n )Sx n , n ≥ 1.
Provided that {α n } ⊂ (0, 1) satisfies some conditions, Halpern proved that {x n } converges strongly to the fixed point of S that is closest to u.
It is noticed that the methods studied above are used to approximate the minimum-norm fixed point of S if 0 ∈ C. In order to overcome the difficulties caused by possible exclusion of the origin from C. Yang et al. [3] introduced an explicit scheme given by
They proved that under appropriate conditions on {α n } and β, the sequence {x n } converges strongly to minimum-norm fixed point of S. Yao and Xu [4] have shown that the explicit scheme
the sequence {x n } converges strongly to minimum-norm fixed point of S under appropriate conditions on {α n }.
Zegeye and Shahzad [5] introduced the iterative process which converges strongly to the common minimum-norm fixed point of a finite family of asymptotically nonexpansive mappings. They shows that the sequence {x n } defines by:
Then {x n } converges strongly to the common minimum norm point. They extended Yang et al. [3] and Yao and Xu [4] from nonexpansive mappings to asymptotically nonexpansive mappings in Hilbert spaces.
Let C be a nonempty subset of a real Banach space E. S : C → E is said to be asymptotically nonextensive nonself-mapping iff there exists a sequence {k n } ⊂ [1, ∞) with lim
where Π C : E → C is the generalized projection. Asymptotically nonextensive mappings coincide with asymptotically nonexpansive mappings in Hilbert spaces. For self-map in Hilbert spaces, the definition of asymptotically nonextensive nonself-mapping coincides with the definition of asymptotically nonexpansive mappings introduced by Goebel and Kirk [6] . In [7] , Chidume, Khumalo and Zegeye first studied the fixed point problem of an asymptotically nonextensive nonself-mapping and obtained weak convergence theorem. Recently, Liu [8] introduced an iterative algorithm for a common fixed point problem of two asymptotically nonextensive nonself mappings.
A nature question arises whether we can extend the results of Zegeye and Shahzad [5] to a class of mappings more general than asymptotically nonexpansive mappings or not.
The purpose of this paper is to prove a strong convergence theorem for finding a common minimum-norm fixed point of a finite family of asymptotically nonextensive nonself mappings in a uniformly smooth and uniformly convex Banach space.
Preliminaries
Let E be a real Banach space with norm . , let E * denote the dual of E and let x, f denote the value of f ∈ E * at x ∈ E. When {x n } is a sequence in E, we denote strong convergence of {x n } to x ∈ E by x n → x and weak convergence by x n x. Suppose that C is a nonempty, closed convex subset of E. Let J be the normalized duality mapping from E into 2 E * given by
for all x ∈ E. It is well known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E. It is also well known that E is uniformly smooth if and only if E * is uniformly convex. E is said to have the Kadec-Klee property iff for a sequence {x n } of E satisfying that x n x ∈ E and x n → x , then x n → x. It is known that if E is uniformly convex, then E has the Kadec-Klee property.
Let C is a nonempty closed convex subset of a Hilbert space H and P C : H → C is the metric projection of H onto C, then P C is nonexpansive. This fact actually characterizes Hilbert spaces and consequently, it is not available in more general Banach spaces. In this connection, Alber [9] recently introduced a generalized projection operator Π C in a smooth, strictly, reflexive Banach space E which is an analogue of the metric projection in Hilbert spaces. Consider the functional defined by
Observe that, in a Hilbert space H, (2.2) reduces to φ(x, y) = x − y 2 , x, y ∈ H. The generalized projection Π C : E → C is a map that assigns to an arbitrary point x ∈ E the minimum point of the functional φ(x, y), that is, Π C x =x, wherex is the solution to the minimization problem
existence and uniqueness of the operator Π C follows from the properties of the functional φ(x, y) and strict monotonicity of the mapping J. In Hilbert spaces, Π C = P C . It is obvious from the definition of function φ that
(2.6) In order to prove our main result, we need the following Lemma. Lemma 2.1 [8] Let E be a uniformly smooth and strictly convex Banach space which satisfies the Kadec-Klee property. Let C be a nonempty, closed and convex subset of E. If S : C → E be an asymptotically nonextensive nonself-mapping with a sequence {k n } ⊂ [1, ∞) such that I − S is demi-closed at zero, then F (S) is closed and convex. Lemma 2.2 [9] Let E be a reflexive, strictly convex and smooth Banach space, let C be a nonempty, closed and convex subset of E. Then the following conclusions hold:
(
, ∀y ∈ C, and x ∈ E; (2) If x ∈ E and z ∈ C, Then z = Π C x if and only if z − y, Jx − Jz ≥ 0, ∀y ∈ C; (3) For x, y ∈ E, φ(y, x) = 0 if and only if x = y. Lemma 2.3 [10] Let E be a uniformly convex and smooth Banach space and let {y n }, {z n } be two sequences of E. If φ(y n , z n ) → 0, and either {y n }, or {z n } is bounded, then y n − z n → 0. Lemma 2.4 [11] Let E be a uniformly convex and smooth Banach space and let r > 0. Then there exists a continuous, strictly increasing and convex function g : [0, 2r] → R such that g(0) = 0 and
for all x, y ∈ B r and t ∈ [0, 1], where B r := {z ∈ E : z ≤ r}.
We make use of the function V : E × E * → R defined by
which was studied by Alber [9] . That is, V (x, x * ) = φ(x, J −1 x * ) for all x ∈ E and x * ∈ E * . We know the following Lemma. Lemma 2.5 [9] Let E be a reflexive, strictly convex and smooth Banach space with E * as its dual. Then
for all x ∈ E and x * , y * ∈ E * . Lemma 2.6 [12] Let {s n } be a sequence of nonnegative real numbers such that:
where {λ n }, {β n } satisfy the conditions: (i) {λ n } ⊂ (0, 1) and ∞ n=1 λ n = ∞, (ii) lim sup n→∞ βn λn ≤ 1. Then lim n→∞ s n = 0. Lemma 2.7 [13] Let {a n } be a sequence of real numbers such that there exists a subsequence {n i } of {n} such that a n i ≤ a n i +1 for all i ∈ N. Then there exists a nondecreasing sequence {m k } ⊂ N such that m k → ∞ and the following properties are satisfied by all numbers for all k ∈ N:
In fact, {m k } = max{j ≤ k : a j < a j+1 }.
Main Results
Theorem 3.1 let C be a nonempty closed convex subset of a uniformly smooth and uniformly convex Banach space E. Let S i : C → E be asymptotically nonextensive nonself mapping with sequence {k n,i } for each 1 ≤ i ≤ N . Suppose that I − S i is demi-closed and F = N i=1 F (S i ) is nonempty. Let {α n }, {β n,i } be the sequences in (0, 1) satisfying the following conditions:
β n,i = 1, ∀n ≥ 1. Let {x n } be a sequence generated by the following manner:
Then {x n } converges strongly to the common minimum norm point of F . Proof Letx = Π F (0) ∈ F . That is x 2 = φ(x, 0) = min y∈F φ(y, 0) = min y∈F y 2 . Let k n = max 1≤i≤N {k n,i }. Then from (3.1) and Lemma 2.2, we have that
From (2.6) and (3.2), we have that
3) where δ n = (1 − β n,0 )k n α n . Since there exists N 0 > 0 such that kn−1 αn < εk n for all n ≥ N 0 and for some 1 > ε > 0 satisfying (1 − ε)δ n < 1. Then, by introduction
which implies that {x n } and {y n } are bounded. Moreover from (2.6) and Lemma 2.5, we obtain that
Since E is a uniformly smooth Banach space, we know that E * is a uniformly convex Banach space. From Lemma 2.4, we find that
Using (3.4), we have that
Now, the rest of proof is divided into two parts. Case 1. Suppose that there exist n 0 ∈ N such that {φ(x, x n )} is nonincreasing for all n ≥ n 0 . In this situation, {φ(x, x n )} is convergent. Then from (3.5), we have that
From lim inf n→∞ β n,0 β n,i > 0, we have that
Therefore, from the property of g, we have that
Since J −1 is uniformly norm-to-norm continuous on each bounded set, we have
Using (2.5), (3.6) and (3.7), we get that
Moreover, from (3.8)
From lim n→∞ α n = 0, we obtain that
By Lemma 2.3 and (3.8-3.10), we have that
Furthermore J is uniformly norm-to-norm continuous on each bounded set,
By (2.4), we obtain
Applying (3.12), (3.14), the definition of S 1 , we obtain that lim n→∞ φ(y n , S 1 y n ) = 0. In the same way, we can obtain
Choose a subsequence {x n i } of {x n } such that lim sup
As {x n i } is bounded, without loss of generality that x n i z. From (3.11), we have that y n i z. From (3.17) and
Then by Lemma 2.2, we immediately obtain that lim sup
Then from (3.5), we get that
Note that lim n→∞ θ n = 0,
From Lemma 2.6 that lim n→∞ φ(x, x n ) = 0. Consequently, from Lemma 2.3, x n →x, n → ∞. Case 2. Suppose that there exists a subsequence {n i } of {n} such that
for all i ∈ N. Then by Lemma 2.7, there exists a nondecreasing sequence{m
Then from (3.5) and lim n→∞ θ n = 0, we have ) for all k ∈ N , thus we obtain that x k →x as k → ∞. Therefore, from the above that two cases, we can conclude that {x n } converges strongly to the minimum norm point of F .
Remark 3.2 (1) Theorem 3.1 extends the results of [5] from a finite family of asymptotically nonexpansive self-mappings to a finite family of asymptotically nonextensive nonself-mappings.
(2) Theorem 3.1 extends the results of [5] from real Hilbert spaces to uniformly smooth and uniformly convex Banach spaces.
